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Old and New Results on Multicritical Points

Amnon Aharony'

Received January 31, 2002; accepted July 1, 2002

Thirty years after the Liu—Fisher paper on the bicritical and tetracritical points
in quantum lattice gases, these multicritical points continue to appear in a
variety of new physical contexts. This paper reviews some recent multicritical
phase diagrams, which involve, e.g., high-7, superconductivity and various
magnetic phases which may (or may not) coexist with it. One recent example
concerns the SO(5) theory, which combines the 3-component antiferromagnetic
and the 2-component superconducting order parameters. There, the competition
between the isotropic, biconical and decoupled fixed points yields bicritical or
tetracritical points. Recalling old results on the subject, it is shown that the
decoupled fixed point is stable, implying a tetracritical point, contrary to recent
claims, which are critically discussed. Other examples, concerning, e.g., the
superconducting versus charge and spin density wave phases are also discussed
briefly. In all cases, extensions of old results can be used to correct new claims.

KEY WORDS: Multicritical points; bicritical point; tetracritical point; renor-
malization group; decoupled fixed point.

1. INTRODUCTION

In addition to celebrating Michael Fisher’s 70’th birthday, this year we
also celebrate thirty years to the famous Wilson—Fisher paper” on the
e-expansion. That paper appeared a few months before I arrived as a post-
doc in Fisher’s group at Cornell, and shaped much of my scientific activity
in the following few years. The present paper is dedicated to Michael
Fisher, in recognition of his many contributions to statistical physics, in
gratitude for the many things which I learned from him in those years and
in the 30 years that followed, and in appreciation for his personal guidance
and friendship.
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The Wilson—Fisher paper started three decades of activity, in which
the e-expansion was used for many types of interactions, and for many
types of order parameters. In this paper I concentrate on one special class
of these studies, involving bicritical and tetracritical points, which arise
when a varying anisotropy causes a crossover from the critical behavior of
an isotropic n-component order parameter to those of order parameters
with less components, and hence with lower symmetries.>® Fisher himself
started the modern theoretical era in this field in his paper with Liu (also
written thirty years ago),” which gave a detailed mean field analysis for
the case of the supersolid. He then wrote many more papers on the
subject.*'” For the purposes of the present discussion I would like to
emphasize his papers with Kosterlitz and Nelson, on the bi- and tetracritical
points in anisotropic antiferromagnetic systems. "

Bi- and tetracritical points have been revisited quite often during the
last twenty years, whenever new physical systems required such studies.
Here I give a critical review of some recent discussions of such multicritical
points, in the context of the materials which exhibit high temperature
superconductivity. While parts of the recent literature require new studies
of bi- and tetracritical points, it turns out that many of the “new” ques-
tions were already discussed in the seventies. The present paper aims to
bridge between the two relevant communities, relate some of the “new”
questions to some “old” answers, and illuminate some questions which still
require further study.

2. HISTORICAL REVIEW

The first detailed mean field analysis of bicritical and tetracritical
points was given by Liu and Fisher.® In that case, the competing order
parameters involve the superfluid and the crystal, within a quantum lattice
gas model. They found three basic scenarios: In the simplest case, the two
ordered phases meet at a first order transition line, which ends at a bicriti-
cal point (where the two critical lines between these phases and the disor-
dered high temperature phase also meet). At this point, both order param-
eters become critical simultancously. Alternatively, the two ordered phases
are separated by a mixed “supersolid” phase, bounded by two critical lines
which meet the two disordering critical lines at a fetracritical point. The
third scenario, which required special choices of the parameters, is a
mixture of the first two: a “bubble” of a mixed phase exists near the
tetracritical point, ending at some lower temperature, turning into a first
order transition. Being based on mean field theory, all the expressions for
the phase boundaries are analytic in the parameters (temperature and
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pressure), and the lines reach the multicritical point at finite angles with
each other.

Bi- and tetracritical points were studied extensively in the context of
the anisotropic antiferromagnet (AAFM) in an external uniform field.?
In that case, one observes longitudinal ordering along the easy axis at low
fields, with a first order spin-flop transition into a phase with transverse
ordering. Kosterlitz, Nelson, and Fisher®” (KNF) gave a detailed renor-
malization group (RG) analysis of this problem, with both a uniform and a
staggered field, and found a rich variety of phase diagrams, involving both
bi- and tetracritical points. Beginning with the two order parameter vectors
S, and S,, with n; and n, components, respectively (with n, =1 and »n, =
n—1 for the AAFM problem), they wrote the Ginzburg-Landau—Wilson
Hamiltonian

# = —[d'x [3 (ST 41,83 +(VS)*+(V8,))
+ulS)|*+0 18,1+ 2w IS, IS, ], (M

and studied the RG flow of u, v, and w on the critical surface, to first order
in €e=4—d, where d is the dimensionality of space. When both order
parameters are critical (i.e., at the multicritical point), there exist six fixed
points in the u—v—w space, and the critical behavior is determined by the
stable fixed point, which is approached under the RG flow from some
basin of attraction. At order €, KNF drew a diagram which indicated
which fixed point is stable for different values of n; and n,. As either of
these numbers increases, stability switched from the isotropic Heisenberg
fixed point (IFP) (with u* = v* = w*, hence with full rotational symmetry in
the full n=n, +n,-component order parameter space), via the biconical
fixed point (BFP), (with non-zero u*, v*, and w*, representing some lower
symmetry) and then to the decoupled fixed point (DFP), at which w =0 and
each order parameter has its own critical behavior, similar to that on the
corresponding critical line. As was already known from related studies,'?
the IFP is stable for n < n, = 4—2¢+ O(e?). Thus, at d =3 and n =3 one is
close to the stability boundary between the IFP and the BFP. When the
initial parameters are not in the basin of attraction of the stable fixed
point, the system never has an infinite correlation length, and therefore the
transition has been identified as having a fluctuation driven first order.>'?
Quantitatively, one can calculate the details of this transition by following
the RG flow until all the fluctuations are integrated over, and then treating
the resulting free energy (which is unstable at quartic order, and thus
requires the addition of higher order terms) using a mean field analysis.
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The detailed type of the multicritical point (i.e., bi- or tetracritical) is
determined by the combination 4 = uv—w?: this point is tetracritical when
4> 0, and bicritical when 4 <0. KNF thus concluded that one should
expect a bicritical point for the stable IFP, and a tetracritical point for the
stable BCP. The latter also follows for the stable DFP, when the two criti-
cal lines just cross each other. However, the latter is not relevant for the
AAFM, with n = 3, and therefore has not been considered in detail.

The shape of the critical lines as they approach the multicritical
point is determined by scaling. If the quadratic anisotropy has the form
g(n,S? —n,S?%), then the critical lines approach the multicritical point tan-
gentially, as |T;(g)—T.| ~ g'/¥. For the critical disordering lines, ¥, = b,
where ¢, =vA, and d—J, is the anomalous scaling dimension of g; under
the RG iterations, g(£) =e*‘g(0), where e’ is the length rescaling fac-
tor.>*19 However, when the bicritical point is characterized by the IFP,
then the detailed phase diagram below the bicritical point may depend on
the initial value of the parameter 4. Although 4 is irrelevant in the RG
sense near the IFP, it has slow transients which decay as 4 ~ e*‘, with
Ay < 0. If initially 4(0) > 0, then after a finite number of iterations £ one
may still have 4(£) > 0, resulting with two critical lines bounding a mixed
phase, as near a tetracritical point! However, the difference between these
two lines vanishes with A4(¢), and therefore the exponents i, describing
them contain a combination of ¢, and of ¢, =vi .19 The two critical lines
below 7, thus approach each other faster than those above T.. If 4(0) is
already small, then one might mistakenly identify these two lines with a
single first order line, and the tetracritical line with a bicritical one.

As stated, KNF found that to order €, there is always only one stable
fixed point. This fact was placed in a more general context by Brézin
et al.,'"V who proved this statement for any quartic combination of the
order parameter components. In related work, Wallace and Zia"® showed
that to order € (at least for n > 0) the RG flow is like that of a particle
moving in a potential, with fixed points interchanging stability as they
cross each other in the parameter space. Indeed, all the existing analyses of
such flows (with the exception of n =0, where one of the two stable fixed
points cannot be reached for physical reasons!¥) always find at most one
stable fixed point, even at higher orders in €. Detailed examples concern the
cubic case"® and the more general nm-component order parameter case,
where one can follow these interchanges between fixed point stabilities in
detail. "

Unlike the stability analysis of most fixed points, which relies on cal-
culations of the stability exponents 4, within the € expansion, or numeri-
cally, it was realized quite early that one can discuss the stability of the
DFP quite generally, using non-perturbative scaling arguments."> At the
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DFP, the coupling term w |S;|? |S,| scales like the product of two energy-
like operators, having the dimensions (1 —a, )/v, , where a,, and v, are the
specific heat and correlation length exponents of each order parameter
separately. Thus, the combined operator has the dimension d — 4;,, where

1/, o,
o=z (2+22) @

Vo, Vn,

is the scaling exponent which determines the RG flow of the coefficient of
this term, w, near the DFP.

Indeed, such arguments gave the RG basis for the Harris criterion for
quenched random systems (where the parameter which measures the ran-
domness in the coupling constants scales with 1 =a/v),"® and led to the
prediction of a tetracritical point for a quenched random alloy of systems
with competing spin anisotropies.!” For the two order parameter problem
discussed by KNF, one concludes that in d =3 the boundary of stability
between the BFP and the DFP occurs in fact at much lower values of #,
and n, than those expected from the order-€ estimates.

3. HIGH TEMPERATURE SUPERCONDUCTORS AND THE STORY
OF SO(5)

The cuprate-based materials exhibit very rich phase diagrams, and it is
generally believed that a good theory should not only explain the high-
temperature superconductivity, but also explain the other phases which
exist near or simultaneously with the superconducting one. In this connec-
tion, it was emphasized already in 1988 that doping introduces quenched
randomness, with a potential magnetic spin glass phase.®” In fact, this spin
glass phase exhibits interesting scaling of the equation of state,® with
interesting crossover to a lower symmetry of the order parameter due to the
magnetic field.®® The concentration-temperature phase diagram presented
in ref. 20, containing many of the interesting phases which arise in these
exciting materials, was later reproduced by Michael Fisher,® to demon-
strate possible deviations from the general Gibbs rules in quenched ran-
dom systems (Note the improved graphics introduced by Fisher in this
reproduction!)

In its simplest version, the phase diagram of these materials contains
only antiferromagnetic (AFM) and d-wave superconducting (SC) order. In
1997, Zhang® constructed an SO(5) theory, which aimed to unify the
3-component AFM order parameter and the 2-component complex SC order
parameter into a combined 5-component theory. As the concentration of
electronic holes increases from half filling (on the copper ions), one expects
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a transition from the AFM phase into the SC phase. Zhang argued that
this transition is first order, ending at a bicritical point. This point is also
where the two critical lines, with the critical behavior of the 3-component
AFM and the 2-component SC ordered phases, meet, ending up with the
critical behavior of the higher symmetry SO(5) group.

In its simple classical version, this SO(5) model maps onto the model
discussed in the previous section, with S, and S, representing the 3-com-
ponent and 2-component AFM and SC order parameters, respectively.
Indeed, following Zhang’s paper there appeared several papers which
repeated some of the RG analysis reviewed above,® 29 with similar results.
In particular, these references followed the order-e analysis of KNF, and
concluded that for d =3,n, =3 and n, =2 one has a fetracritical point,
governed by the biconical fixed point. However, since for n =5 the BFP
and the IFP may be close to each other, it has been suggested that one
might actually observe a bicritical point, with exponents dominated by
the IFP. Measurement of such exponents was even presented as “an exper-
imental measurement of the number 5 of the SO(5) theory”!®” However,
even in such a scenario, ref. 26 incorrectly stated that the all the four phase
boundary exponents y; are the same, equal to ¢, (in contrast to ref. 16).

Following this background, Hu® used Monte Carlo (MC) simula-
tions on an SO(5) rotator model, and concluded that the multicritical point
which characterizes the simultaneous ordering of the SO(3) AFM 3-com-
ponent and of the U(1) SC 2-component order parameters, S; and S,, has
the critical behavior of the isotropic 5-component rotator model. This
seems to contradict the RG in d = 4 —e€ dimensions, which states that (a) to
a high order in €, the isotropic SO(n) fixed point (IFP) is unstable for
n>n,, with n, < 4, and (b) to order ¢, this multicritical point is described
by the anisotropic biconical fixed point. @257

These MC results by Hu (as well as the statements in many of the
SO(5) papers in the literature) suffer from several problems. First, one
might question the relevance of this discussion to high-7, superconductivity
(where one should also include fluctuations in the electromagnetic gauge
field."®) Second, these papers ignore the quenched randomness, which is
intrinsic for all of the doped cuprates (even if some electronic properties
may be viewed as dominated by extended wave functions). Here we ignore
these two points, and concentrate on the third issue: as reviewed in the
previous section, at d = 3 the multicritical point must be tetracritical, being
characterized by the decoupled fixed point (DFP). Returning to Eq. (2), we
can now use the known negative values of a, and a; at d = 3, to find that
Ap = —0.087 <0, and the DFP is stable, in contrast to the order-e extrap-
olation to € =1.%>2¢7 Thus, asymptotically the free energy breaks into a
sum of the two free energies, S; and S, exhibit the Heisenberg (n = 3) and
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XY (n=2) critical exponents and the two critical lines cross each other at
finite angles, with the crossover exponent ¢ = 1.4” The latter statement
is only asymptotic; after a finite number of RG iterations one still has a
finite w(¢), yielding corrections to the phase boundaries which approach
the asymptotic lines tangentially. Accurate experiments in the asymptotic
regime thus carry no information on the SO(5) theory. However, they may
yield some information on the transient non-asymptotic behavior near the
initial Hamiltonian.

Reference 28 used a discrete spin model, with |S,|*+S,|?> = 1. This is
believed to be in the same universality class as a Ginzburg-Landau—Wilson
(GLW) theory, with the quartic term U(|S,;|?+|S,|*)? (where initially
U — ).V Reference 28 then added a coupling W [S,|?S,|. Quantum fluc-
tuations®? and RG iterations'® then also generate a term V(|S,|*—|S,|*).
Clearly, u=U+V,v=U—V and w= U + W /2. Again, there exist six fixed
points in the U—V —W parameter space, of which only one should be
stable.*>'1® For a continuous transition, the above argument implies an
RG flow away from the vicinity of the unstable IFP, at ¥ =W =0, to the
DFP, where 2U +W = 0. This flow may be slow, since the related expo-
nents A} and A} are small: the asymptotic DFP behavior can be observed

only if WX ' becomes comparable to U, which is large. Here,
X =min(L, &), with L the sample size and &~ (T'—7,)™" the correlation
length (7, is the temperature at the multicritical point). Therefore, one
might need to go very close to the predicted tetracritical point, and to
much larger samples, in order to observe the correct critical behavior. The
simulations of ref. 28, which begin close to the ITP (U >V, W) and use
relatively small L, apparently stay in the transient regime which exhibits the
isotropic exponents. To observe the true asymptotic decoupled behavior,
one should start with a more general model, allowing different interactions
for S, and for S,, relax the strong constraint |S,|*+|S,|?> = 1, and use much
larger X. The latter is also needed due to the small value of A,. These
requirements may be impossible for realistic MC simulations. In fact, Hu
recently generalized his MC simulations, and used finite values of U.®®
However, his initial parameters obeyed W < 4U, which may still be much
too close to the IFP. In these additional simulations, Hu still finds a bicri-
tical phase diagram, with critical exponents which seem close to those of
the IFP, thus contradicting the theoretical asymptotic expectation of a
tertacritical point associated with the DFP.
There are three possible ways to explain this discrepancy:

* The crossover due to the RG flow from the initial vicinity of the IFP
to the asymptotic DFP could be too slow, requiring much larger values of
X than practical in the simulation. As X increases, I would expect signals
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of approaching the DFP. An example of such a signal would be the
appearance of a “bubble” of the mixed phase near the multicritical point.
Since this bubble may be narrow (and short), it could easily be identified as
a single first order transition line. At low temperatures, the bubble could
close back into the first order line, e.g., due to higher order terms in the
Ginzburg-Landau expansion (as happened, e.g., in the Liu-Fisher phase
diagram).

e If the initial Hamiltonian were out of the basin of attraction of the
DFP, then one should observe first order transitions from the disordered
phase into the ordered phases.®® Again, the discontinuity on these transi-
tions may be too small for the available values of X.

* Finally, there could be rwo stable fixed points. As stated several
times above, I find this scenario most unlikely. In particular, it is well
established that the IFP is unstable for n > 4. However, if indeed this sce-
nario turns out to be true, then this case would represent a mini-revolution
in our thinking of RG flows in such systems. It would be nice to have gen-
eralizations of the Brézin et al. and of the Wallace and Zia arguments to all
orders in €, and specifically for d = 3.

4, OTHER EXAMPLES

In addition to the simple AFM ordering, there have been many recent
scattering experiments which exhibit some kind of (static or dynamic)
incommensurate peaks.®Y These peaks, which may correspond to density
and/or spin density wave ordering, usually arise at doping concentrations
above those of the AFM phase, and often coexist with the SC phase. The
general theory discussed above can thus be transferred to this new compe-
tition. In the simplest case, S; would represent the spin density wave (SDW)
order parameter, and S, would continue to represent the SC ordering.
Indeed, Kivelson et al.®> generated a variety of temperature-concentration
phase diagrams, taking account of the fact that the concentration x is
related to the chemical potential x4 which appears in the Ginzburg-Landau
Hamiltonian via a Legendre transform. At the moment, there exists no
detailed RG analysis of this case, which should be a generalization of the
Fisher—Nelson® treatment of the AAFM at fixed magnetization. Apart
from taking note of the “old” literature, such an analysis should also be
careful in counting the components of the SDW order parameter. For an
incommensurate wave vector, this number could be significantly larger
than three,"” and the RG may not have a stable fixed point at all, implying
a fluctuation driven first order transition.
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One theoretical scenario for the SDW ordering concerns stripes, which
involve charge density waves.®® This leads to a three-fold competition,
between SDW, CDW and SC.C® Since the wave vector of the CDW is
equal to twice that of the SDW, this yields terms which are linear in the
CDW order parameter and bilinear in the SDW one, possibly leading to
first order transitions into the CDW phase.®® Again, both the CDW and
the SDW can have a large number of components, turning the RG treat-
ment (not yet done) complicated but interesting.

Finally, I mention another class of phase diagrams, involving super-
conductivity in the bismuthates.®” These systems exhibit both CDW and
SC ordering, and their temperature-concentration phase diagrams have
drawn much interest even before the discovery of high temperature super-
conductivity.®® It turns out that both types of order can follow from a
negative-U Hubbard model, which can then be mapped onto an anisotropic
Ising—Heisenberg spin model. A mean field analysis of this model®” yields
phase diagrams which are similar to those found by Fisher and Nelson,®
with their magnetization replaced by the concentration. The resulting
coexistence region was ignored in earlier analyses.®® In addition, the
quenched randomness generates effective random fields, which couple to the
CDW order parameters and cause a breakdown of that phase into finite
domains, as apparently observed experimentally. It would be interesting to
search for similar effects in the cuprates. It would also be interesting to
have a comprehensive study of the role played by quenched randomness in
these interesting systems.

5. CONCLUSIONS

e New materials bring about new phase diagrams, with competing
types of order and with a variety of multicritical points. Cuprates and
bismuthates are good examples of such rich varieties.

* Many details of these phase diagrams are often available from the
early days of the RG research. It would help to bridge between the SC and
the RG communities.

* In the context of SO(5), it would help to have more accurate exper-
iments, as well as more MC simulations, in regimes which might be better
suited for reaching the asymptotic correct behavior. In parallel, it might be
of interest to find ways to investigate the relative stability of the competing
fixed points at d = 3.

* After 30 years of RG studies, there are still new problems which
require new RG treatments. It is appropriate to celebrate Fisher’s 70th
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birthday recalling his “old” contributions, which opened the way to much
of this “new” activity.

ACKNOWLEDGMENTS

This work was supported by the U. S.—Israel Binational Science
Foundation (BSF) and by the German-Israeli Foundation (GIF).

REFERENCES

. K. G. Wilson and M. E. Fisher, Phys. Rev. Lett. 28:240 (1972).
M. E. Fisher and P. Pfeuty, Phys. Rev. B 6:1889 (1972).
. J. Wegner, Phys. Rev. B 6:1891 (1972).
.-S. Liu and M. E. Fisher, J. Low Temp. Phys. 10:655 (1973).
. E. Fisher and D. R. Nelson, Phys. Rev. Lett. 32:1350 (1974).
. R. Nelson, J. M. Kosterlitz, and M. E. Fisher, Phys. Rev. Lett. 33:813 (1974).
. M. Kosterlitz, D. R. Nelson, and M. E. Fisher, Phys. Rev. B 13:412 (1976).
. E. Fisher, Phys. Rev. Lett. 34:1634 (1975).
. Domany, D. R. Nelson, and M. E. Fisher, Phys. Rev. B 15:3493 (1977).
. Domany and M. E. Fisher, Phys. Rev. B 15:3510 (1977).
.g., L. Néel, Ann. Phys. (Paris) 18:5 (1932); C. R. Acad. Sci. (Paris) 203:304 (1936),
. W. Blazey, H. Rohrer, and R. Webster, Phys. Rev. B 4:2287 (1971).
12. A. Aharony, Phys. Rev. B 8:4270 (1973).
13. B. I. Halperin, T. C. Lubensky, and S.-k. Ma, Phys. Rev. Letters 32:292 (1974).
14. D. Mukamel and S. Krinsky, Phys. Rev. B 13:5065; 5078 (1076).
15. A. Aharony, in Phase Transitions and Critical Phenomena, C. Domb and M. Green, eds.,
Vol. 6 (Academic Press, New York, 1976), p. 357. See also other papers in this volume.
16. A. D. Bruce and A. Aharony, Phys. Rev. B 11:478 (1975).
17. Brézin, J. C. Le Guillou, and J. Zinn-Justin, in Phase Transitions and Critical Phenomena,
C. Domb and M. Green, eds., Vol. 6 (Academic Press, New York, 1976), p. 125.
18. D.J. Wallace and R. K. P. Zia, Phys. Lett. 48A:325 (1974) and private communication.
19. A. Aharony and S. Fishman, Phys. Rev. Lett. 37:1587 (1976).
20. A. Aharony, R. J. Birgeneau, A. Coniglio, M. A. Kastner, and H. E. Stanley, Phys. Rev.
Lett. 60:1330 (1988).
21. F. C. Chou, N. R. Belk, M. A. Kastner, R. J. Birgeneau, and A. Aharony, Phys. Rev.
Lett. 75:2204 (1995).
22. R. Sachidanandam and A. Aharony, Phys. Rev. B 56:2322 (1997).
23. M. E. Fisher, Proceedings of the Gibbs Symposium (Yale University, May 1989).
24. S.-C. Zhang, Science 275:1089 (1997).
25. C. P. Burgess and C. A. Liitken, Phys. Rev. B 57:8642 (1998).
26. S. Murakami and N. Nagaosa, J. Phys. Soc. Jpn. 69:2395 (2000).
27. J.-P. Hu and S.-C. Zhang, M2S conference talk, cond-mat/0005334 (unpublished).
28. X. Hu, Phys. Rev. Lett. 87:057004 (2001).
29. J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. B 21:3976 (1980).
30. A. Aharony, Phys. Rev. Lett. 88:059703 (2002).
31. K. G. Wilson and J. Kogut, Phys. Rep. 12C:78 (1974).
32. E. Arrigoni and W. Hanke, Phys. Rev. B 62:11770 (2000).
33. X. Hu, Phys. Rev. Lett. 88:059704 (2002).

1
2.
3.
4
5
6.
7
8
9
0
1

w’m'm'm'gl-o'g’wn



Old and New Results on Multicritical Points 669

34. E.g., J. Tranquada et al., Nature 375:561 (1995); Y. S. Lee et al., Phys. Rev. B 60:3643
(1999); S. Wakimoto et al., Phys. Rev. B 61:3699 (2000) and references therein.

35. S. A. Kivelson, G. Aeppli, and V. J. Emery, PNAS 98:11903 (2001).

36. O. Zachar, S. A. Kivelson, and V. J. Emery, Phys. Rev. B 57:1422 (1998).

37. A. Aharony and A. Auerbach, Phys. Rev. Lett. 70:1874 (1993).

38. For a review, see R. Micnas, J. Ranninger, and S. Robaskiewicz, Rev. Mod. Phys. 62:113
(1990).



	1. INTRODUCTION
	HISTORICAL REVIEW
	HIGH TEMPERATURE SUPERCONDUCTORS AND THE STORY OF SO5
	OTHER EXAMPLES
	5. CONCLUSIONS
	ACKNOWLEDGMENTS

